The purpose of the present note is to extend and strengthen the preceding result and establish some related facts of independent interest. These are stated in Theorems 2 and 3 below. THEOREM 1. Let k(x) have locally integrable first-order derivatives in XI > 0, and suppose that the partials of k(x) + k(-x) belong locally to L log+ L in xj > 0. Let b(x) have first-order derivatives in Lr, 1 <r < o. Then if 1 <p K a, 1 <q < c, q-1 = p' + r-1 and f is continuously differentiable and has compact support, we have 11(AB -BA) a fjjq < c||fIlp, (a) axi where c is independent of f. Furthermore, (AB -BA)f has first-order derivatives in La and la (AB-BA)f . cIjfjIp, (b) where, again, c is independent of f. THEOREM 2. Let h(x) be homogeneous of degree -n -1 and locally integrable in x| > 0. Let b(x) have first-order derivatives in Lt, 1< r < oo. Then, if 1 < p < c), 1 < q < a, q-1 = p-1 + r-1, h(x) is an even function and 
Now let a,i3 > 0, 0< a < 1, aa + fl(1-) = 1. Then S(G)2= 2 f x(t -u,s) grad GI 2du ds a-2dff-2(1-) f (xl grad G'l| 2)a (xl grad GC| 2)1-'du ds, whence from Holder's inequality we obtain PROC. N. A. S.
Let us assume now that we have the inequality
(5) for some r, r > 0. Let 0 < q < r and p = r/q. Then (3) applied to G1/P gives S(G) < pmn(GLIP)P-lS(GlIP) = pm(G)(P-1)'PS(G"1) whence, applying Holder's inequality, we get
and from the last expression, (2), and (5) applied to G1/P it follows that
On account of (1), (5) holds with r = 2. Hence the preceding inequality holds for 0 < q < 2. Now we will show that (6) holds for 0 < q < a. Since (5) implies (6) with q < r, it is enough to show that (6) holds for q > 4. Let h(t) > 0 be any bounded function with compact support. Then
Now we observe that if P(t,s) denotes the Poisson kernel for the half-plane, then X(ts) < c sP(t,s) and consequently 
Since H is harmonic and 1 < p < a), we have M, [S(H) . cpMp(h), and since 4 < q < a, we also have M2q[m(G) I < cM2,(G). Substituting in the preceding inequality, setting M,(h) = 1, and taking the supremum of the left-hand side over all such h, we find that M. 
Since the right-hand side is finite for q = 2, it follows by induction that the lefthand side is finite for arbitrarily large q and hence for all q > 2. Thus (6) is established for 0 < q < a. Now we prove the converse inequality. Let q > 0. Then (1) and (4) give
where a = 2q/(q + 2), ,8 = 2/q, a = (q + 2)/2(q + 1), 1 -= q/2(q + 1). Applying H6lder's inequality to the right-hand side we get
Applying (6) 
PROC. N. A. S.
-To obtain (6) and (8) (9) Corresponding relations hold also for g and gj. We will study the contribution of fi to the integral in question, an analogous argument being applicable to f2. Let us introduce the following kernels
Kl(x,y,t) = (x -y -iE)-2[e(x -t) -e(y -t)] K2(x,y,t) = [(x -t)2 + (y -t)2 + E2]-'/2E. An easy calculation shows that Ko -K, < cK2 with c independent of e. Now we set
We are interested in estimating ko. On account of the inequality between the Kj stated above, we have koI < ki + ck2 and thus it will suffice to estimate ki and k2. On account of the analyticity of fi(y) if x > t we have Kj(x,y,t)fi(y) dy = (x y -ie)-2f1(y) dy
As readily seen, for x < t the integral on the left above is also given by this last expression. Thus,
and interchanging the order of integration we get r+ +0 +c ki(t) = -Mfi(t + is)
Since g(x) = g(x) -92(x) and g2(z) is analytic in Im(z) < 0, its contribution to the inner integral above is zero and the value of this reduces to 27rigl'(t + is + ie).
Thus we have r+c
Let us introduce now PROC. N. A. S.
8=0
Then we have ki(t) = F(t). Furthermore, since fi and gl' are bounded and O(z-1)
and O(z-2), respectively, F(z) belongs to HP, p > 1, and with the notation of the preceding proof we have (27r)-1 S(F) . m(fi)S(g,(z + ie)) < m(fi)S (gi) and if q-1 = p-1 + r-', 1 < p, q < a), r < a, then by Theorem 3 and (9) 
MP(f).
We now pass to discuss the n-dimensional case. As before, we assume that f and the partial derivatives bj of b are infinitely differentiable and have compact support. We denote by P a unit vector in Rn and by E its orthogonal complement and fix E, E > 0. Let s be a real variable and
Then setting y = x + vs, integration in polar coordinates shows that CEf) = 12 f k(x,v) dv, (11) where dv denotes the surface area element of the unit sphere in Rn. We now fix v and set x = z + vt, where zeE. Then from the inequality for the one-dimensional case established above we get k(z + Pvtv) dt < c1 {grad b (z + vt,P)lrdt
Integrating with respect to z over E and applying H6lder's inequality to the righthand side, we obtain
From this and Minkowski's integral inequality applied to (11) we obtain ICJjf)Ig .:< c 11grad b|jr 11fljp f h(v) I dp, where c depends on p, q, and r but not on e.
Concerning the convergence of CCf) as e tends to zero we merely observe that our assertion obviously holds iff and the bj are assumed to be infinitely differentiable and have compact support, whence the general case follows from the inequality above by approximation. Proof of Theorem 1: Since (b) can readily be obtained from (a) by duality, we shall only prove the latter. Let us consider first the case when k(x) is an odd function. There will be no loss in generality in assuming that k(x) is infinitely 1 Calder6n, A. P., and A. Zygmund, "Singular integral operators and differential equations," Am. J. Math., 79, 901-921 (1957) .
